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Dynamic Elastic Electron Scattering l:
Bloch Wave Theory

The kinematic scattering theory illustrated in Chapter I holds only for crystals
thinner than about 2 nm (Hoerni, 1956). The general characteristics, such as the
positions of Bragg beams, can be precisely determined by the kinematic theory. The
intensity of each reflection, however, is largely affected by multiple scattering
effects among existing beams, because the interaction between the electron and the
crystal is so strong that multiple-scattering effects are unavoidable. Therefore
quantitative data analysis has to be performed based on dynamic scattering calcu-
lations. For this reason, the present and following chapters are devoted to the
dynamic scattering behavior of electrons.

Diffraction theories of high-energy electrons have been established for many
years. One of the most classical approaches is the Bloch wave theory, proposed by
Bethe ( 1928). This theory has taken a dominant role in calculating convergent beam
electron diffraction (CBED) and diffraction contrast imaging. In Chapter 2, the
Bloch wave is introduced and its general properties are illustrated. Some simplified
cases are discussed to illustrate applications of the theory. Finally the theory is
extended to imperfect crystals.

2. I, R E LATIV I STI C CO RR E CTIOI{S//V S I N G LE- E LE CTRO N
SCATTERING THEORY

Based on the first principles approach, we consider the fundamental equation
that governs high-energy electron scattering in crystals. Before we show the
mathematical description, it is important to consider the nature of the events we are
studying. The average distance between successive electrons that strike the crystal
in aTEM is about 0.2 mm (for 100-keVelectrons) if the electron flux is on the order
of 1012 e/s. This distance is much larger than the thickness (typically less than 0.5

t2
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4m) of the specimen; thus the interaction between successive incident electrons is

extremely weak. Therefore interaction between the incident beam and the crystal

can be treated as a case of one electron a time. In other words, electron diffraction

theory is basically a single-electron scattering theory. The entire discussion of this

book is based on this assumption.
Strictly speaking, high-energy electron scattering obeys the Dirac equation.

The Dirac equation contains not only the relativistic effects but also electron spin.

It has been shown by Fujiwara (1961) and Howie (1962) that electron spin is

negligible in transmission electron diffraction, but relativistic corrections in the

electron mass and wavelength have to be considered in both kinematic and dynamic

scattering theories (see Gevers and David, 1982, for a review). In general, the

solution of the Dirac equation for high-energy electron diffraction is quite complex

(Fujiwara, l96l). We intend to derive arelativistically corrected Schr6dingerJike

equation. The solution ofthe equation should be sufficient for accuracy in quanti-

tative electron microscopy. The relativistic energy momentum conservation equa-

tion for an electron accelerated to a kinetic energy of e(Uo + l/) is

w2=p2?o+frct=le(uo+D+ ruNAP Q]a)

and

w=n t mo& e(Jo+g*^d 
(2.1b)

,d= ,-ffi=e(Jo+v)+md
where Vis the electrostatic potential field of the crystal and co is the speed of light.

Neglecting the V2 term, combining Eqs. (2.1a-b) yields

pzto-2*"&eV = e[Jo(eUo+z^od) Q'2)

Replacing p by the operator -jilv and applying Eq. (2.2) on Y, a SchrodingerJike

equation (Humphreys, 1979; Spence, 1988a) is derived

h2
- r^YzY-YevY=E\F

(2.3)

where

E=euort*j%l
zmoco

and the relativistic factor 7 = m/mo. E is electron energy with relativistic correction'

Therefore under the first-order approximation, the Schrddinger equation can be

used to describe high-energy electron scattering if relativistic corrections are

properly considered. For V = 0, the free-space solution of Eq. (2.3) gives exactly
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the same wavelength as that originally based on de Broglie's relation in Eq. (1.3)
By def,rning an effective crysral potential

2ymoe

h2

(2.4a)
U(r) = Y(r)

and the electron wave number as

[(- (2moDt/2
h

(2.4b)

Eq. (2.3) is rewritten as

1Y2++n21u14+rt)!z(r)=9 (2.5)

This is the fundamental equation that governs the scattering behavior of electrons
in crystals. Discussions in Chapters 2-5 show how to solve this equation using
various methods.

2.2. BETHE THEORY

2.2.1. Basic Equations

The solution of Eq. (2.5) was first given by Bethe (1928). The full solurion is
written as a linear superposition of Bloch waves

Yr(D=I a&i(r) Q'6)
i

each Bloch wave B;(r) is an eigen solution of Eq. (2.5), and coefficients a, are
determined by boundary conditions. Equation (2.6) means that each Bloch wave is
an eigenstate of the electron crystal system, and the electron wave function is a
linear superposition of Bloch waves. The probability that the ith Bloch wave is
excited is determined by the superposition coefficient d,i. Although there are many
Bloch wave states in the crystal, boundary conditions determine which waves are
excited. This is similar to the selection of Bragg beams by the diffracting condition
in electron diffraction. Even though there are many possible Bragg reflections,
those in the diffraction pattern are selected by the initial diffracting condition, as

illustrated by the Ewald sphere in Fig. 1.7.

The Bloch wave theory is usually convenient for examining the diffraction of
a periodically structured crystal. In this case, the modified crystal potential U can
be expanded as a Fourier series based on reciprocal lattice vectors,
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b=(x,y)
z=O

z=d
z

g0h

Figure 2.1. The coordinate system used in describing the transmission electron diffraction.

U(D=I Usexp(2nig.r)
(2.7a)

Off Bragg

Bragg

Figure 2.2. The Ewald sphere construction of electron diffraction at on-Bragg (dashed lines) and
off-Bragg (solid /rnes) conditions. The excitation error S, is indicated.

where h is the reciprocal lattice vector and the interaction between g and h beams
is determined by us-n. Equation (2.9) holds for all r in the crystal. Hence the
coefficient of each exponential term must be zero. For the g reflection,

tr3-G+ g)21cs+\ug-ncn=o (2.10a)

h

Equation (2. 10a) is actually a set of coupled equation for different g reflections. By
choosing

k=K+ yn (2.10b)

where n is a unit vector inwmd and normal to the crystal slab surface, as shown in
Fig.2.l. We have

1r3 - 1t+ g)21=2KSs-Z(K+ g).nv - v2 (2]la)

where the excitation errors S, are defined as

2KSs=rt3-1K+g;2 (2.llb)

The s, is the distance from a reciprocal lattice point g to the intersection point ofa
line, drawn from g in parallel to K, with the Ewald sphere (see Fig. 2.2). The Bragg
condition is defined by S, = 0, which means the Bragg beam is located just on the
surface of the Ewald sphere. By neglecting the v2 term for high-energy transmission
electron diffraction (the error introduced by this approximation is very small
according to Kim and Sheinin, 1982), substituting Eq. (2.lla) into (2.10a) yields
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with

v

\
\
\
\K

K z

0

I

Ue=
h2

2ymoe
\Vrexp(-2nig.rq)

(2.7b)

a

Similarly the Bloch wave within the crystal may also be written as a Fourier

series

B(g = ) C, exp[Zni(k+ g)'rl (2.8)

I

where Cs is the Bloch wave coefficient for Bragg reflection g. For high-energy

electron diffraction, a Bloch wave is neither a spherical wave nor a single plane

wave but a linear superposition of plane waves with wave vectors (k + g).ABloch

wave contains many plane wave components.

Equation (2.8) is introduced to convert a second-order differential equation

into a set of linear algebra equations whose solution can easily be obtained from

matrix diagonalization. Substituting Eqs. (2.7) nd (2.8) into Eq. (2'5) yields

I ttrt-1r+g)21c, +lu*ncnl expfZni(k+ 8)'r] =0

I
t

lr"

(2.e)
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zKS sC s + \ U s-nC n = 2(K + g)'nv C s
(2.12)
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\cpcp. =5,t (2.16b)

Q.t6[)

(2.tffi)

h 8

This is the fundamental equation of Bloch wavetheory. Characteristics ofEq.(2.12)
are discussed in the next section.

2.2.2. Characteristics of Bloch Waves

We now consider transmission electron diffraction (i.e., the Laue case) by

assuming that all the gs lie in a plane perpendicular to n, i.e., g'n = 0. This condition

restricts the following solution to theZOLZ reflections if n is antiparallel to the z

axis. Equation (2.12) can readily be written as

2Ksscs+ltlg-nCn=2K.nvCe Q'13)

h

or expressed in a matrix form

ACi) = ZKnviCi\ (2.14)

where elements of the A matixareAsn=2KS&en* Us-hand Kn = K'n. If lz beams

are considered in the scattering, A is an (mxm) matrix, and there are m eigenvalues

vi and m Bloch waves, each Bloch wave having m plane wave components.

Equation (2.14) isjust an eigen equation of {) with eigenvalue v;. Each eigen

solution gives the superposition coefficients {) of the ith Bloch wave. The number

of Bloch waves equals the number of beams or the dimension of the C matrix.

The set of equations represented by Eq. (2.12) is exact provided an infinite

number of g values is considered. In practice the number of beams can be reduced

depending on the required accuracy of numerical calculations.

Since U(r) is real for elastic scattering without absorption, its Fourier coeffi-

cients satisfy IJe = IJls, and the matrix A is thus Hermitian. Hence the eigenvalues

v; are real (Landau and Lifsh itz,1977), although the eigenvectors C(i) are, in general,

complex. The eigenvector C matrix is unitary (Rez, l9'7 6; Humphreys, 1979), i.e.'

the inverse of C is the complex conjugate and the transpose of C

c-r = c* (2.15)

Explicitly writing this equation yields

lc[)cl!). =6r, Q.t6a)

i

and

where superscriptions i andj are added to represent the ith and theTth Bloch waves.
This means that eigenvectors form a complete orthonormal set if the crystal
potential is a real function. The following relations also hold among the eigenvec-
tors and eigenvalues (Fukuhara, 1966; Spence, 1988a):

c!'\x+ tr) = c!t(tr)

v(k+ h) = v(k) + Sr

and

cpg<y = c$19 Q.te)

A comprehensive description of the symmetry of Bloch waves is given by Gjonnes
and Tafto (1993).

We now determine the superpersition coefficients ai of Bloch waves. The ai
coefficients are easily obtained only if the incident wave is a plane wave. In the
Laue case, the boundary condition at z = 0 requires y(K,b) = exp[2ziK.b] or

I ", I Cp expt}ni(K+ g).d = exp[2zrK.b]
is

This equation is satished if ai = g$)* , considering the orthonormal relationship in
Eq. (2.16a). Thus Eq. (2.6) becomes

r(Kr) = ) c[D- rilr; Q't7a)

with

B(r) = I C!) exp[2ni(K + E)r + 2niv izf
(2.17b)

I

where the direction of the z axis is parallel to the direction of the incident beam. It
is important to point out that the Bloch wave solution introduced in Eq. (2.17) can
be applied to calculate only the diffraction of a plane wave. Separated calculations
are required if the incident electron probe is a superposition of plane waves.

2.2.3. Orthonormal Relationship of Bloch Waves

For Laue reflections with g lying in the x-y plane, i.e., gz = O, we now prove
the orthonormal relation of the Bloch waves. From Eq. (2.l1-b),
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J ar ri(r) Blr) = E c!'. cP ! a" 
"*p12ni(h 

- g)'b + 2ni(v 1 - v i)zl

sh

= I c!)- cp I az expl2ni(v1 - v i)zf = [i, (2. l8)

I

This means that Bloch waves are an orthonormal set. But this orthogonal relation

holds only in the symmetric Laue case (i'e', 8; = 0 for the zoLZ) under the

approximation of high energy (Kim and Sheinin, 1987). In this case, the orthonor-

mal relation holds regardless of whether the Bloch function is degenerate or

nondegenerate. Thus the solution of the Schrddinger equation can usually be

expanded as a linear superposition of Bloch waves. For a general case with g. + 0,

two Bloch functions are orthogonal if u; * v i. If Yi = v i, however, the two Bloch

functions may not be orthogonal. The orthonormal relation of the Bloch waves is

useful in solving the Green function solution ofthe Schrddingerequation forapoint
electron emitter (see Chapter l0).

2.2.4. Bethe Theory and Band Structure Theory

Bethe's theory for etectron diffraction is closely related to the energy band

concept in the electronic theory of solids, since both represent the electronic state

in terms of Bloch functions (Kambe and Moliere, 1970). Morse (1930) pointed out

the close connection between the two theories and demonstrated that the Bragg

peaks observed in low-energy electron diffraction occur in enefgy ranges that are

forbidden by the band structure of the crystal. For high-energy electron diffraction'

the two theories may be compared with each other in the following respects:

In band structure theory, Bloch functions are regarded as representing station-

ary states of valence electrons in a crystal. The propagation vector k is given as a

pararneter, and the eigenvalue of the energy E(k) is calculated as a function of k.

In Bethe's theory, on the other hand, Bloch functions are used to construct the wave

function of the scattered electron inside the crystal, given the energy of the incident

electrons. Thus the dispersion surface is an equal energy surface in reciprocal space

similar to the Fermi surface in band theory.

In band thmry, using the Hartree approximation, the potential is dehned as the

average Coulomb potential due to the nuclei, the ion core electrons, and all the

valence electrons except the one valence electron under consideration. In this case,

the exchange and conelation effects between the electron under consideration and

all other electrons are not negligible, and thus these affect the Hartree potential. For

electron diffraction, however, the Bethe theory states that the potential is due to the
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nuclei and all electrons belonging to the crystal, and it is not affected by incident
electrons.

In band theory, the plane wave expansion of the Bloch function is usually
poorly convergent, especially near the nuclei where the wave function varies
rapidly. In the Bethe theory for electron diffraction, the convergence of the plane
wave expansion is usually sufficiently rapid. In general, the numberof plane waves
is the number of beams in the diffraction pattern.

2.3. TWO-BEAM THEORY

The most important advantage of the Bloch wave approach is its clarity when
describing the excitation of each Bloch wave. We now consider a case in which
only two beams are involved. Equation (2.14) becomes

(-zx^u u-s )(co): n e.ts)
(. ,r zKss-zx^v )lcs)

The eigenvalues v are obtained by setting the determinant of the matrix equal to
zero, thus leading to the following solutions:

.,.^_ {KSst[(Ks8)2 +r]BPl/2| Q.20a),l,z-T

where superscript I refers to + and 2 to -.The difference of vr - yz is

A.. -,.. -. _ [(KSs)2 +lusPfi/z Q.20b)A)'=yt-v2=--:--Fl--

which corresponds to the gap between the two dispersion surfaces; this is discussed
later in Chapter 2. If we set

..._KSe _o,tv - w- 
o8\8

where (, = K/Ueistheextinction distance, theratio of Co and Cs can be found from
Eq. (2.19)

[$itt'a=wt(r +r')"' 
(2zk)

LCbJ

By defining y0= arcctgw and considering the normalization relation lCol2 + lCrl2 =
l, the Bloch wave coefficients are

CP = Ct) = cos(yo/2) Q.2la)
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and

cP =-cf) =sin(yo/2) Q'21b)

corresponding to Bloch waves of

B 1 (r) = exp(2n lK' r + 2n i v rc)lcos (yo / 2) + sin (y s / 2) exp(2n ig' r)l (2'2 I c)

and

B2(r)=exp(2nf K'r+2nivx)lsin(W/2)-cos(ys/2)exp(2nig'r)l(2'2ld)

The two Bloch waves under the two-beam approximation are useful in qualitatively

illustrating the physics involved in some imaging and diffraction processes. Sub-

srituting Eq. (2.21) into Eq. (2.17), the intensity of the diffracted beam at the exit

1ua", rvvhffs 3 = d, is

) cf).4)"*n(2niviO
2 Iurlzsinz(ndLv1 Q.22a)
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Figure 2.3. (a) Bright-field image and (b) g = (004) dark-field image of a thin silicon crystal oriented
nearthe [100] zone, showing the thickness fringes. The contrastofthe bright-fieldimage is complimen-
tary to that of the dark-field image. Beam energy is 100 keV.

and

I8 (KAv)z

Io=I - Ie Q.22b)

The oscillation of /o with the variation of specimen thickness d corresponds to

thickness fringes observe.d in bright-field TEM images, as shown in Fig. 2.3a.The

dark-field image of the same area (Fig. 2.3b) recorded using the g reflection shows

complimentmy contrast as expected theoretically. Two adjacent thickness fringes

correspond toa thickness change of Ld=l/Lv =(r/(l +nf)t", where (, is g

dependent. At the Bragg condition w = O, M = {r. This means that the extinction

distance is the thickness variation between two adjacent thickness fringes under the

Bragg refl ection condition.
Using the two-beam theory, we now show the channeling effect in electron

diffraction. For simplicity, we consider the expressions of Eqs. (2.21c) and (2.21d)

under the Bragg condition (i.e., w = 0)

with

I
B1(r) = ft exp(2niK'r +2nivrc)ll +exp(22ig'r)l

= r/7 cos (zg 'r) exp(2niK't * 2niv ft + nig'r)

1

B z(r) = fr exp (2niK' r + 2niv x)U - exp(2n ig. r)l

= i.'12 sin(ng.r) exp(2ziK.r+2niv21+ nig.r)

and

ttrr(r)|2 =2cos2(ng'r) (2.22c)

with

lBz(r)12 =2sin2(ng.r) (2.22d)
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Bt

Figure 2.4. A schematic diagram of wo types of Bloch wave fields under two-beam Bragg condition

at the reflecting position in a simple cubic lattice. In both cases, the current flow vector (normal to the

dispersion surface) is parallel to the reflecting planes. The Bl wave is more strongly absorbed than 82

due to a larger probability of inelastic excitation.

The electron current of each Bloch wave flows, on average, parallel to the Bragg

planes, but it is modulated across the atom planes, so that for Bloch wave B2(r) the

maximum occurs between the atomic planes (Fig. 2.4).For Bloch wave Br(r), the

situation is reversed, and the culrent is concentrated on the atom planes, i'e., a

strongerchanneling effect . The channeling propagation of Bloch wave Bl(r) along

atom planes effectively increases the probability of inelastic excitations of the

atomic inner shells, resulting in a stronger absorption effect (see Chapter 6).

The channeling effect illustrated here has many imponant applications in

imaging of inelastically scattered electrons (see Chapter I I ). Electron channeling

along the paths of lowest potential energy (i.e., atomic rows) in crystal enhances

the excitations of X-rays and Auger electrons in the atomic rows. The X-ray signals

from impurity atoms located within certain crystal planes can be maximized if
proper diffracting (or channeling) conditions are set up. This technique is known

as atom location by channeling enhanced microanalysis (ALCHEMI) (see Spence,

1992, f.or a review).
Equation (2.22a) can be used to estimate the maximum crystal thickness

smaller than which the kinematic scattering (or single-scattering) approximation

holds (Hoerni, I 956). The scattering amplitude of the g beam under the kinematic

scattering approximation increases linearly with increasing crystal thickness d. In
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other words, the diffracted intensity increases with *. For simplicity, we start with
Eq. (2.22a), assuming Bragg conditions, so that I, = sinzlnd/(r1. For small thick-
ness satisfyin g nd/(g << I

,,=wl=w\
as expected from kinematic scattering theory. For low-index reflections, the extinc-
tion distance (, is a few tens of nanometers. Therefore for kinematic scattering
theory to hold, d << Irln. In this thickness range, electron scattering can be
approximately considered the result ofsingle scattering, so that the high-resolution
transmission electron microscopy (HRTEM) images of thin crystals are referred to
structural images, from which positions of atoms may be directly identified from
the image. For crystals with larger thicknesses, multiple scattering effects disturb
the localized distribution of the incident electrons, so that the cross scattering of
the electrons complicates the image interpretation. In this case, image simulation
becomes indispensable.

Amore sophisticated two-beam theory has also been derived forwedge-shaped
and finite polyhedron crystals (Kato, t 952). The major task involved in irregular-
shaped crystals is to match the solutions at the boundary. This can be easily done
for the two-beam case, but the situation may become very complex if a many-beam
theory is involved.

The theory developed here applies to purely elastically scattered electrons
without absorption. Inelastic scattering during electron diffraction causes the
incident electron to lose not only energy but also become angularly redistributed
between Bragg beams. If the objective aperture is used to select one or more Bragg
reflected beams to form an image, many of the inelastically scattered electrons are
thus excluded from the image. These electrons are effectively absorbed. In
general, the absorption effect is characterized by an imaginary potential in
elastic-scattering calculations, and this effect decreases the intensity ofBragg-
reflected beams. A systematic introduction of the imaginary potential is illus-
trated in Chapter 6.

2.4. DISPERSION SURFACES

The Bloch wave eigenvalues v; given by Eq. (2.20) depend on both the
crystal-scattering potential (Ur) and the incident electron wave vector. For specific
reflections with known Urs, a relationship between the incident electron wave
number K and the Bloch wave eigenvalue v is called the dispersion surface, which
is formed by the locus of allowed wave vectors for all beams. All wave vectors
inside the crystal are restricted to lie on the dispersion surfaces. Explicitly speaking,

BZ

+

+t
I

t
+

i
t
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Crystal entrance surface

0--

o n

o BZ boundary oE

Figure 2.5. Dispersion surfaces under the two-

beam approximation. Here v and Ss are measured

in the direction of the surface normal n. The

dashed curves 0 and g are parts of the Ewald

spheres centered at O and g, respectively, with

radius K = 1/,1.

the dispersion surface in electron diffraction is a plot of allowed values of the z

component of the Bloch wave vector k!') in ttre crystal. For simplihcation, we use

dispersion relations for the two-beam case to illustrate the construction of disper-

sion surfaces.

We first consider the zero-order solution of Eq. (2. lOa), where all Fourier

coefficients IJg-n (for g * h) are switched off. Then Sg = 0, or [k(t + B] = 13, and

this describes a series of free-electron spheres of radius K centered at each of the

reciprocal-lattice points g parallel to the surface (Whelan, 1986). One sphere is

centered on the origin ofreciprocal space and one centered on the reciprocal lattice

point g, as shown in Fig. 2.5. These spheres intersect at the Brillouin zoneboundary'

A vector is drawn in the direction normal to the entrance surface of the crystal and

intersecting the vector K at the sphere centered at O. The eigenvalues v; are

calculated from Eq. (2.20) using the actual U, value. The values of v; are measured

along the surface normal direction, starting from a point on that K sphere that is

centered at O. Thus the K vector must be drawn first. Then points on the dispersion

surfaces are drawn at distances vi measured from the end point of K along the

surface normal direction n. The complete dispersion surfaces are obtained by

repeating this procedure for each possible beam direction.
Two-beam diffraction is an ideal case in which the intensities of other beams

are zero. In practice, this condition is rarely satisfied. The perturbation effect of
weak beams can be reasonably included in the two-beam theory using the Bethe

potential, which is discussed in Section 2.6. Further studies by Miyake (1959) and

Gjonnes (1962a) indicated that the two-beam approximation fails to apply in the

range of very short wavelength and small crystal thicknesses, even with the

corrected dynamical Fourier potential. This is due to the increased radius of the
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Ewald sphere, and the shape factor of the crystal for ,2r --+ 0 (or 6 -; -) and
d -+ 0 result in many beam excitations.

2.5. APPLICATIONS IN CBED

The GBED patterns are formed with an electron probe focused on the sample,
causing diffraction spots to broaden into disks. The incidentprobe consists ofmany
plane wave components propagating along different directions, thus forming a
converged conical electron probe, as shown in Fig. 2.6. For an incident beam p, the
diffraction results in a complete point diffraction pattern consisting of ps as ruled
by the Bragg reflection law A similar set of point diffraction patterns is formed for
another plane wave component e. Therefore for cases where there are no disk
overlaps, a perfect registration is retained between each incident beam direction
and the diffracted beams. The intensity profile across the diffracted disk g is called
a rocking curve, which represents the variation of g-reflected. intensity with the
change ofincident beam direction. Thus each point in the central (000) cBED disk
corresponds to an incidentplane wave component and defines a family ofconjugate
points differing by reciprocal lattice vectors, one in each CBED disk. The great
power of the CBED techniques results from the fact that so much crystal structural
information, such as crystal structure factors, charge density distribution, symme-
try, strains, unit-cell parurmeters, and specimen thickness, can be determined quan-
titativelyfromanalysesofGBEDpattems(seeSpence and,zuo,l992,andcowley,
1993, for a review).

Electron probe

Specimen

Figure 2.6. A schematic ray diagram
of CBED. If only elastic Bragg scatter-
ing is allowed, then source point p
gives rise to conjugate points P, one
in each disk. Source point Q defines a
different incident beam direction and
set of diffracted beams Q'.

Chapter 2
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Figure 2.7 . A CBED pattem of silicon viewed along I l0] showing structural information contained
in the pattem. The pattem was recorded at 100 keV.

Figure 2.7 shows a CBED pattern of [110] silicon. Fine details within each

diffraction disk are the result of the dynamic diffraction of electrons entering the
crystal from different directions. The symmetry of the intensity distribution indi-
cates the projected central-symmetric and the (001) planar mirror-symmetric struc-
ture ofthe crystal. Quantification ofthe intensity distribution in reciprocal space is
a powerful method for determining the crystal structure.

Calculating a rocking curve intensity profile in the angular ranges where there
is no disk overlap is usually performed by the Bloch wave approach

1s(K) = I I CP. C? c6' C!).exp[2ni(vi - vj)d]' Q'23a)

ij

In CBED, many parameters are involved in the calculation of /r(K). Each of these
parameters can be determined using different techniques. The specimen thickness
is determined lrom thickness fringes in the diffraction disks under two-beam
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conditions (Kelly et al., 1975). Unit-cell parameters can be determined by the
position of HOLZline positions in the center disk. Finally, crystal structure factors
are refined from the rocking curves ofdifferent diffracting disks by comparing the
calculated /r(K) with the experimentally measured Ir. An automated dynamic
least-squares refinement program has been developed by zuo and Spence (1991).

Figure 2.8 shows the experimentally observ ea zero energy loss GBED pattern
(doned curve) and the many-beam dynamic calculated (sotid tine\ rocking curyes
for a Beo crystal (Spence andzuo, 1992).The refinement of the calculated curve
in comparison with the observed one yields low-index crystal structure factors. For
the line scan across the (00n) systematic row, the amplitude and phase of the (002)
structure factor at 80 kV are determined as

ttlR\oozlt =0.039592:F 0.00014 A-2, 9QO2)= -0.88478 + 0.017 rad

u4(002)l = 0.00073 + 0.00006 A-2, Q,(w2)= -1.1 * 0.5 rad

xl03

(000) (002) (0o4)

Figure 2.8. The zero energy loss experimental and computed CBED rocking curve along the (002)
row of BeO at 80 kV. The (000), (002), and (004) disla are indicated. The crystal orienrarion is near the
[130] zone axis. Specimen thickness d =70.9 nm. The lower plot shows the difference between
calculation and experiment. (Courtesy of Drs. J. C. H. Spence and J. M. Zuo, 1992)
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and specimen thickness d =71.16 nm.
If the bonding effect is ignored in a center-symmetric structure, and so that the

atom potential is spherical symmetric, the structure factor U, is areal function'
However an imaginary component appears in U, if the atomic potential is distorted

by crystal bonding. Therefore the measurement of IlD provides important informa-

tion on charge redistribution in the crystal due to the solid-state effect. Quantitative
CBED provides the most accurate method for measuring the charge redistribution

of crystals smaller than a few hundred nanometers (Zuo et al., 1988).

If there are disk overlaps in CBED, calculations have to be performed sepa-

rately for different incident beam directions in the overlapped regions, and the

calculated amplitudes are then added coherently, incoherently, or paflially coher-

ently depending on the original assumption ofthe source coherence. For a perfectly

coherent beam diffraction, especially ifthere are substantial disk overlaps, calcu-

lations using the multislice theory may be more convenient (see Chapter 3).

2.6. CRITICAL VOLTAGE EFFECT

The critical voltage effect is one of the typical examples of dynamic scattering

in electron diffraction. If a crystal is set at the Bragg condition, normally the

diffracted intensity is strong unless the crystal thickness is an integer number of
extinction distances. This is due to the constructive interference of waves scattered

in the diffracted beam direction. However for aparticular incidentelectron-accelerating

voltage, the so-called critical voltage Uoc, the diffracted beam intensity of a

second-order reflection 2h is very small for all thicknesses, due to destructive rather

than constructive Bloch wave interference (Nagata and Fukuhara, 1967; Uyeda,

1968; Watenabe et al., 1968). This voltage depends sensitively on the ratio of
first-to-second-order structure factors, and it is used to measure structure factors of
low-order reflections that are particularly sensitive to bonding effects in crystals

(for reviews, see Cowley, 1981; Humphreys,l9T9; Reimer, 1984; Spence and Zuo,

1992).

As illustrated in Fig. 2.9,the critical voltage effect occurs at a three-beam

diffracting condition, with 2h in Bragg condition. This case can be treated either

using three-beam theory or two-beam theory with the perturbation of a weak beam

(Uyeda, 1968; Lally et al., 1972). For simplification, we start from the two-beam

theory and consider the perturbation effect of other weak beams.

Discussions in Section 2.3 were based on an ideal two-beam case in which all

other beams were assumed to have zero intensity. One way of including the weak

beam effect is to use the perturbation theory of Bethe and rewrite Eq. (2.12) for
symmetric Laue cases as

Dynamic Elastic Electron Scattering ! 4l
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Figure 2.9. The three-beam diffracting condition for ttre critical voltage effect.

2KS nC n + \ U n+,Cn, = 2K nv C n
(2.23b)

h'

where variable substitutations of h by h' and g by h were introduced. If h is a
weak beam because r(lsr,l >> lUsl, Eq. (2.23b) can be solved for the two_beam
casg as

Zun-^-cn'
(2.23c)

^ _ n' UnCg+ Uh-gCs
" 2KSn - 2Knv 2KSn

Substituting Eq. (2.23c) into (2.12) for the rwo-beam case, Eq. (2.19) is modified

I
I
a

as

where

(-*';f-" zxs{! zo,)(A)='

zKs{= 
+ *!* zKs{=2KSe-+

(2.23d)

l(Je-nlz

2KSn

and

X{=ur-ZUnUe-n

2KSn

(2.24)

h

This effective structure factor is known as the Bethe potential. A more rigorous
derivation using the Green's function has been given by Gjonnes (1962b).
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We now apply Eqs. (2.24) to illustrate the critical voltage phenomenon, in
which g = 2h satisfies Bragg condition, and h is weak. For a minimum g reflection,
we set U{ = O. This condition may be met by varying the accelerating voltage.
Using the relation

mo;i(v - t) (2'2s)
uOr=T

solving 7 from tf{ =O (Spence andZuo,1992) yields

*ort(h's'v'o -\ Q'26)
uu=- e @v^-')

Equation (2.26) gives an approximate value of the critical voltage Uo" in terms of
the two lowest order structure factors. If the second-order reflection is assumed to
depend mainly on the single-atom scattering property, the first-order reflection,
which is more sensitive to solid-state bonding effects, may be found with high
precision using Eq. (2.26) (for a review, see Fox and Fisher, 1988). Accuracy of
measurements is ultimately limited by the Debye-Waller factor for high-order
reflection and the contrast of the intensity minimum at 2h.

2.7. DIFFRACTION OF LAYERED MATERIALS

The CBED techniques can be applied to study the strain, composition, and
rigid-body displacements across layered materials (orquantum well materials). The
Bloch wave theory developed in Section 2.2 can be extended to calculate the
transmission electron diffraction pattern of layered materials (Rossouw et al., 1991;
Peng and Whelan, 1990). We now consider a material composed of m = I to M
fayers, as shown in Fig. 2.10. The mth layer is located rt z= 7r, with thickness
d^.For simplicity, we assume there is no rigid shift between the origins of the two
adjacent layers. The wave function inside the mthlayer is written as

Ya(r) =2"9 >4),expl2ni(K+ 9,).r+znivi,n(z- &n)f Q'27)

ig^

where v;. and C;)are the eigenvalues and eigenvectors, respectively, of the Bloch
wave solution of the mth crystalline layer Md g," are the corresponding reciprocal
lattice vectors. An analogous relation holds for the (m+1)th layer,

F,,+r(r) = ) a[?*, I 4], expl}ni(K+ &r+r)'r* 2niv^+r(z- z^*)l (2'28)

i 8^*l

Matching Eqs. (2.27) and (2.28) at the interfac E Z = Zm+t for the ZOLZ reflections
and splitting r = (b, z), we obtain

Figure2.10. Aschematicdiagramshowinglayeredsructuresalongthebeamdirection.

2 "% 
t > C., exp(2nig,+t.b) = \ a!) > 4r^ exp 12n igm.b + 2niv i 

^d ̂ 1ig*rie^

Multiplying this equation by exp(2nih-+r.b) and integrating over b, we obrain

\a\).rdl*,=2"1]2Q,,/r1hnr-g.)exp(2nivi,d^)
ii9n

Multiplying both sides bV ClX, summing over hm+t,and using the orthonormal
relation in Eq. (2.16b) yields

a%r=>"9>I4 Ci,a@*^-s^) exp(2nivi^d^) Q.29)
i g^ h^r

This relation correlates the superposition coefficients of themthand(m+l)th layers.
For m = l, the boundary condition is satisfied by choosing a? = C-. Using Eq.
(2.29), it is possible to determine the wave function inside each layer.

Two simple relations can be derived from F,q. (2.29).If the two adjacent layers
have the same reciprocal lattice base vectors (i.e, same direction and same magni-
tude), then

a%r=afl exp(2nivpd^) Q.30a)
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If the two layers have different reciprocal lattice base vectors, so that bnn+r + *"
unless ttn+r = 0 and 8. = 0, then

a?h=2"t) c8) c8JL"*p(2nivi,d^) (2'30b)

Finally for a case where two adjacent layers have the same set of reciprocal
lattice base vectors, a rigid shift AR. of the nth layer origin with respect to the

origin of the (nr+l)th layer may be incorporated into the calculation by multiplying
the Bloch wave coefficients with a phase factor, i.e.,

c!) * C[),exp(-2nis,.'AR') Q3la)

The preceding discussion makes it possible to apply the Bloch wave theory in
calculating CBED patterns of layered materials if the incident beam is assumed to

be perpendicular to the surface plane.

2.8. HOLZ REFLECTIONS

The theory outlined in the last few sections was based on an approximation of
syrnmetric Laue cases for which g.n = 0. This condition becomes ge = 0 if the foil
normal is antiparallel to the z axis; thus the theory is restricted to ZOLZ reflections.

To include HOLZ reflections, we start from Eq. (2.12)by defining

Bs c8 (2.3tb)

where components normal to the crystal surface are 8n = En, hn = h'n, and Kn =
K.n, so that Eq. (2.12) is rewritten as
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space. The dimension of the matrix is the number of beams involved in the
calculation. The numerical calculation of this theory, however, may be quite
involved especially for zone axis patterns in which many beams are involved. An
alternative Bloch wave theory is thus introduced to solve the schrddinger equation
in real space (Howie, 1966; Berry, 1971; Buxton et al., 1978;vincent etal.,lgg4.,
for a review, see Bird, I 989). This theory is particularly convenient for calculating
zone-axis CBED patterns.

2.9.1. Projected Potential Approximation

Before we present the real-space Bloch wave theory it is important to examine
the portion of the crystal potential that is responsible for zoLz reflections. In
zone-axis patterns, the dominant Bragg reflections are distributed within the ZoLZ.
If g is written as (gb, CJ, the crystal potential is wrirten as

U(g = ! IJ, exf,2nig.r) : 2 U, exp(2nig6.b + 2ni I zz)

8g

= lo)6; + r-ln(A,i e.32a)

where

do)1b) = 2U, uexp(2zig.b)
(2.32b)

8b8n'
Kn'

+I /2

{(1 + g,/ K,)U + (hn/ K)llt t 2 - 2K,vB, Q'3lc)

This is a fundamental eigenvalue equation that includes all HOLZ effects and

boundary inclination effects. The only approximation made in deriving Eq. (2'3lc)
is to ignore the v2 term for high-energy electron diffraction in the Laue case. The

FORTRAN program provided by Spence andZuo (1992) calculates Eq. (2.31), so

that HOIZ,refl ections are automatically included.

2.9. REAL-SPACE BLOCH WAVE THEORY OF
ZOLZ REFLECTIONS

The Bloch wave theory presented in the last few sections is essentially a

reciprocal-space theory in which the differential equation was solved in reciprocal

is the projected potential, and

tl4(.) = \ exp(2ntS,O L U, exp(2nig;.b)

e4 gb

which is the potential responsible forHoLZreflections because 93 * 0. Therefore
the diffraction of zoLZreflections is directly determined by the projected potential
do\n;. rnis means thattheZoLZapproximation is theprojectedpotential approxi-
mation; the projected potential approximation actually restricts the theory to the
ZOLZreflections only.

2.9.2. ZOLZ Reflections

Starting from the Schrddinger equation and factoring out the rapid variation in
the z direction,

Y(r) = exp(2ntK.r) @(b,z) Q.33)

Substituting Eq. (2.33) into Eq. (2.5) gives

(2.32c)

zKSsBs , \-r
1+(c,/K)- +
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[Yl + +n2 u (r)] @(b,e) = 4ni K z
Do(b,z) (2.34)

where the V! operator acts only on the transverse coordinate b; dzO/d* was

dropped under the small angle-scattering approximation; and d@(b,z)/dx and

dA(b,z) /dy are neglected because K1 >> K" and K, >> Kr. Using the potential given

in Eq. (2.32b) for the ZOLZreflections, Eq. (2.34) becomes

lY7++ildot1ul@(b,z) =4niKzq!4 Q'3s)
-dz

Thus the solution of Eq. (2.35) can be directly written (Doyle and Berry, 1913) as

o =Z/ exp((,lz)zlb) Q'36a)

j

where

t = i (2'36b)
' 4nK,

and z;(b) is a two-dimensional Bloch wave solution of

[Y2u+ 4n2do)1b)]zlb) =,ryq1u) (2.37)

The two-dimensional Bloch wave z;(b) satisfies the following orthonormal relation

(Ashcroft and Mermin, 1976; also see Section 2.2.3):

J 
au ritu)rlr) = a,; Q'38)

Using the orthonormal relation of the C coefficients, it can be proved directly that

I'ft1 ri(V)=d(b-H) Q'3e)

t

This means that { rlb) } is a complete orthonormal function set. These are important

relations that make it possible to expand an arbitrary convergent function in the

representation of {zlb) }. This point is demonstrated in Section 10.3 forthe solution

of Green's function. Coefficients ei are determined by the boundary condition at e

= 0. Ifthe incident electron is described by @(b,0), the boundary condition requires

@(b,0)=ferrlb) Q'40)

j

Multiplying Eq. (2.40) by zi@), integating over b, and using Eq. (2.38) yields

Dynamic Elastic Electron Scattering I

u' = t aao{a,o) ri1u) Q.41)

At the exit face of the crystal slab z = d, the amplitude for electrons scattered to u
in the two-dimensional reciprocal space is

A(u)=)dexp((qd) !dbexp(an;u.b)z;(b) Q.42)
j

the intensity distribution 1= lA(u)12.

compared to the Bloch wave theory in reciprocal space (Section 2.2), the most
important advantage of the real-space Bloch wave theory is that the diffraction of
a finite incident electron probe of @(b,0) can be calculated without repeating the
calculation for each plane wave component within the incident conical probe. This
is convenient for the case of coherent convergent beam electron diffraction, in
which disk overlaps may occur. The calculation of Bethe theory, however, has to
be performed separately for individual incident plane wave components.

2.9.3. Effects of H)LZ Reftections

The HoLZ reflections can be included in this theory using the perturbation
technique (Buxron, 1976; vincenr et al., l9g4), in which the superposition coeffi-
cients of Bloch waves are assumed as z-dependent, i.e.,

@ = > dQ) exp((s1z) ri(b) Q'43)
j

and the upper layer potential rffD is feated as a perturbation. This approach is
exactly equivalent to the usual way of treating a time-dependent perturbation, in
which z takes the place of time and the upper layer potential dn@,2) represenrs
the time-dependent perturbarion. Substituting Eq. (2.43) into Eq. (2.5), rhe firsr-
and second-order perturbation terms can be solved by the iteration method (for a
review, see Bird, 1989).

2.10. DIFFRACTION CONTRAST IMAGES OF
IMPERFECT CRYSTALS

Diffraction contrast imaging, a powerful technique for determining dislo-
cation structures in crystals, is based on the following mechanism (Hirsch et al.,
1977). The image is formed by selecting a single Bragg reflected beam using
the objective aperture. The intensity of the Bragg beam is perturbed by the
variation of local diffracting conditions due to the strain field of the dislocation.
Thus this type of imaging is usually referred to diffraction contrast imaging.

47
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Figure 2.1'1. (a) Brighrfield and (b) g = (20 2 0) dark-field diffraction contrast images of polycrystal-
line a-AlzOr recorded under the two-beam diffracting condition near [0001] zone. The insert is the

diffraction pattern.
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This section describes the basic theoretical approach for calculating the diffraction
contrast of images. An excellent review has been given by Amelincks and van Dyck
(1993) on the fundamental theories of diffraction contrast imaging and associated
applications.

Figure 2.11 shows the bright-field and dark-field diffraction contrasr images
of dislocations in a polycrystalline a-Alzor specimen. The dislocation lines are
clearly resolved in both images. The intensity variation near dislocation lines results
from dynamic diffraction from distorted lattices near dislocation cores. The contrast
is due to the variation ofthe local diffracting condition, such as the excitation error,
from that ofperfectly structured lattices. The contrast is very sensitive to the nature
of the dislocation, crystal orientation, incident beam direction, and crystal thick-
ness. Therefore dynamic simulations are usually necessary if we intend to study
detailed lattice distortion near the dislocations. But, as shown at the end of section
2.1o.4, no simulation is needed if we are interested only in determining the Burgers
vector of dislocations. we now consider the theoretical approach for simulating
diffraction contrast images.

2.10.1. Potential of lmperfect Crystals

In practice, atomic displacements can be introduced by defects, dislocations,
or strain. For a general case, atom displacement may be described by a displacement
vector R(r), which depends on the position of the atom. Thus the potential
distribution in the crystal under the rigid-ion approximation is written as

U(g = ) \U"{r- &, - ro - R(r)) (2.44)
a

Using Eq. (1.17), the reciprocal lattice vector can be introduced as

u(g = ) L J r" ua(u) exp{2nru.[r- Rn - rc - R(r)] ]
nA

= 
?[] 

uo(g) exp{-2nig'[ra**tor]] exp(2nig't) Q'4s)

The Fourier coefficient of the modified potential is

Us(r) = U, exp[-2zig'R(r)] (2.46)

Therefore the distortion of the crystal lattice by defects introduces a position-
dependent phase factor in the Fourier coefftcient of the crystal potential.
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2.10.2. Modified Bloch Wave Theory

For an imperfect crystal, the wave function usually does not obey the Bloch

theorem and cannot be expanded into a Fourier series. Alternatively the solution of
the Schrddinger equation is written as (Hirsch et a1.,1977; Takagi, 1962 and 1969;

Howie and Basinski, 1968)

r(g=) Qr()exp[2ni(K+g+Se)'t] 
(2'47)

I

where l(K + g + Sr)l = K and Sc = Ss 2 is ttre excitation error. Substituting Eqs.

(2.45> (2.47) into Eq. (2.5), we obtain

\# v2 0 e + i fx * g + s r)'Y Q, + \' O n (I s-n exp[2n i(h - e)'R
gh

+2ni(Sn-Sr)'rllexp[2ni(K+g+S8)'r]=0 Q'48)

Providing that all terms in the curly bracket vary slowly with r, R(r) does not change

significantly in a lattice distance and the V2@, term is negligible in comparison with

the term (K + g + Sr).V/r, then we have

(K+ c + Sr).V/, = ni\QnIJg-nexpl2ni(h-g)'R+ 2zi(Sr, - Ss)'rl (2'49)

h

This is the basic equation of the modihed Bloch wave theory. The lefrhand side of
Eq. Q.a, indicates that it is necessary to differentiateQtin the direction of (K + g

+ Ss). Equati on (2.49) was first proposed by Takagi (1962 and 1 969) and Taupin

09e) for approaching crystals with defects, dislocation, or strain, and it is thus

called the I equation. To simplify this equation and make it useful in image

calculation, we now discuss the column approximation'

2.1 0.3. Column Approximation

The column approximation is usually assumed in image simulations of defects

and dislocations. Figure 2.12 illustrates the column approximation (Hirsch et al.,

1977; Howie and Whelan, 1961). A dislocation is situated at D inside the foil. An

electron wave is incident on the top surface. The dislocation line causes a displace-

ment of an atom in the column along AB from its true position by an amount R that

depends on its distance e from the upper surface. The column approximation

amounts to assuming that the electron wave function at B is the same as that at the

lower surface of a crystal of infinite lateral extension, with the same displacement

R(e), depending only on e, and not on the position of the column. Such a crystal

can be considered an assembly of thin crystal rods, each perfect but displaced
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Figure 2.12. A column approximation used to cal_
culate the diffraction contrast images ofdislocations.
The crystal is assumed to be composed of parallel
columns. Within each column, the local lattice dis_
placement R is assumed to depend only on z. The (.r,
y) dependence of R is introduced in calculations for
different columns. g0

relative to each other. The wave function at the exit face of each column (or rod)
depends only on the scattering of that column, so there is no interaction between
columns' The width of the column is about 2 nm. This approximation may not
be valid at dislocation cores where a rapid variation ofR is possible. Arigorous
discussion of the column approximation was given by Howie and Basinski
(1e68).

2.10.4. Howie-Whelan Equation

contrast in dislocation images is produced by the variation of local crystal
orientation due to the atom displacement R. This results in the intensity variation
of local reflected Bragg beams. This type of image can be simulated from column
to column using full dynamic diffraction theory. The scattering of each column is
equivalent to the scattering of a perfect crystal without considering the effects of
its neighbor columns. In this case, /, is approximated to depend only on z. If the
incident beam is along the z axis, so that

(K+g+S8).V/s,=K dQe

dz'
Eq. Q.a9) becomes

A

Dislocation

Crystal

R(z)

d6, - zi
E= L <ru0oexpl2ni(h- B)'R+2zi(s7, - Sr).rl (2.s0)
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This is a many-beam equation for calculating the contrast of dislocations. Equation
(2.50) can be solved exactly if there is no lattice distortion (i.e., R = 0) (Van Dyck,
r976).

Under two-beam approximation, Eq. (2.50) reduces to the Howie-Whelan
equation (Howie and Whelan, l96l ),

49a
dz

49e
dz

Qr + T Qo exP(-2nig'R - 2ziSr'r)
ee

Ao + T S, exp(2nig.R + 2niS r.r)
qB
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Experimental images
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Simulated images
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Extrinsic fault
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(d)
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Intrinsic fault
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tn = f Iizit
Extrinsic fault
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* = 12001 g = [020]

(2.5ta)

(2.s lb)

Equation (2.51a) and (2.51b) are the basic equation applied to simulate the diffrac-
tion contrast images. We now discuss the diffracting condition under which the

contrast of dislocations disappears.

From Eq. (2.51 ), it is clear that the dislocation contrast disappears if g'R = 0'
For a general dislocation, the displacement vector R is directly related to the

Burgers vector ba and brxuo, where up is the direction of the dislocation line. In
general, the reflected intensity of g is not affected if atom displacements are

restricted to the reflecting plane of g. Therefore diffracting conditions under which
the contrast ofdislocations disappears are

g.br=0 g'(b6xup)=Q

These are the general rules for determining the nature of dislocations in TEM. The
condition g.ba = 0 means that atom displacements are restricted in the plane

perpendicular to g; thus no contrast is produced ifthe image is recorded using this
Bragg reflection.

The Howie-Whelan equation [Eq. (2.51)] is the fundamental equation for
simulating diffraction contrast images recorded undertwo-beam conditions. Figure
2.13 shows a comparison of the experimentally observed stacking fault images in
TiAl for two different zone axes (Fig. 2.13a) with simulated images for stacking

faults bounded by partial dislocations (Vguier et a1.,1994). For TiAl, the majority
of stacking faults and their bounding dislocations were observed to be completely
out of contrast for g =[202] because g.R=2ntt. For g - I2Z0l, however, the

bounding partial dislocations were visible, but faults were invisible. These obser-

vations indicate that faults are lying in the (111) plane (i.e., R = + 1/3 [1ll]) and

partial dislocations have a Burgers vector parallel to g = ll 2 ll. Figure 2.13b is

simulated for an extrinsic stacking fault with a double Schckley partial dislocation
of bs = ll3 U 2 I l. Simulated fault images corresponding to intrinsic stacking

faults and extrinsic stacking faults (without partial dislocations) are shown in
Fig.2.13c-e. The best fit is found in Fig.2.l3b. Thus the stacking fault is

Figure2.13. (a)ExperimentalbrighrfieldimagesofastackingfaultdipoleinTiAlrecordedunder
two-beamdiffractingconditionsofg=tZ00l (left-handcolumn)andg--[020](right-handcolumn);(b)
simulated for an extrinsic stacking fault with a panial dislocation of b3 = tB tti tl.(c){e) Simulated
images for extrinsic (without bounding dislocations) and intrinsic stacking faults under identical
diffracting conditions: foil normal n = tZT 4l,d = Il5 nm, beam direction B = t0l9l and S, = 6.666
n--lforg=t2001;B=[506]andSr=O.Oten--tforg=t020l.Thebestfitisfoundin(b).(Courtesy
of Viguier et a1., 1994)

extrinsicand bounded by partial dislocations with Burgers vector 1/3 [1 z 1]. For
simulations of electron diffraction contrast images of arbitrary displacement fields,
the program package sMCoN provided by Janssens et al. (1992) could be very
useful.

7u

Eq0

fu
Eq0

50nm
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2.10.5. a Coefficient Method

We now introduce an alternative treatment of electron diffraction in the

distorted crystals under the column approximation. This approach is applied in
Section 2.ll to calculate the contrast of weak beam images. We first write the

solution of the Schrddinger equation as

r(g = ) atD(z) I Q)expl2ni(K+ g).r+ 2nivizfexp(-2zlg'R) Q'52)

ig

This theory is expressed in the form of Bloch wave coefficients, which are assumed

to depend only on z, based on the column approximation. The comparison of Eq.

(2.52) with Eq. (2.47) yields

QeG)=Io('\.) C! expf*2niSr.r+2niv;7lexp(-2zig'R) (2.53)

Figure 2.14. The three-beam diffracting condition for weak_beam imaging.
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Substituting this equation into Eq. (2.50) and using Eqs. (2.13) and(2.16), we obtain

-P=zniZao(z) exp[zni(vi- v)z]>,ClQ" ry Q's4)

Figure 2.15b shows a weak-beam image of the same specimen area in Fig.2.ll.rtis apparent that the dislocation lines are much thinner than those appearing
in either the bright-field or the dark-field images in Fig. 2.11. The grain boundaries,
which are hardly seen in the bright-field irnage, are clearry resoived in the weak
beam image. There appears to be much less dynamic diffraction effect in the
weak-beam image.

Equation (2.5+; r"pr.r.nrr'rhechangein amptituoe of ttlejth Bloch wave in acrystal

slice ofthickness dz at a depth z, due to the change oflocal orientation. This theory

is more convenient for calculating the weak beam image.

2.1 1. WEAK-BEAM IMAGING

As illustrated in the last section, the contrast of dislocation lines is determined

by the magnitude of the local lattice distortion, and the image resolution is no better
than 2 nm. The resolution of diffraction contrast images may be improved in the

dark-field images recorded by using weak diffracted beams (Cockayne et al., 1969).

A simple qualitative description of the weak-beam imaging technique follows. If a

perfect crystal is oriented at the exact Bragg position, the corresponding diffracted
beam is strong (unless the crystal thickness happens to be an integermultiple ofthe
extinction distance). As the crystal is tilted away from the Bragg position, the

intensity in the diffracted beam decreases, so that the beam becomes a weak beam.

If the crystal contains a dislocation, lattice planes around the dislocation are locally
tilted, and hence some of these planes may locally be tilted back into the Bragg
position, as shown in Fig. 2.l4.If this is the case, locally scattered intensity from
perfect crystal regions is weak, but intensity scattered locally from the region

satisrying the Bragg condition is strong (Hirsch et al.,19'17).

Figure 2'15' (a) Three-beam electron diffracting condition fbr recording the dark-field weak-beamimage, shown in (b), of the polycrystalli ne a-ntiot specimen used for Fig. 2. I l. The beak used forforming the weak-beam image is indicated by an arrowhead.
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The weak-beam image is usually taken using a weak-h beam when a +g beam
is setatBraggcondition (Fig.2.l4). We now useEq.(2.5D to illustrate thedynamic
description of weak-beam imaging of imperfect crystals,

Dynamic Elastic Electron Scattering I SZ

The integral is maximum when l2ttiLv ;iz - Nie)l is constant (Cockayne, 1972) or
in an equivalent form

2niLvii -dRn(z) =o"dz
or

vi-vi*>4'C!. W=o

aaa(z)
dz

dR'r(z)

where

= I a('\z) exP(2niLv;iz)
dz

(2.ss)

Rt(z) = z"i\Cs)Q. s'R Lv;i- vi - vi (2.s6)

(2.60)

I

under the two-beam approximation, this condition becomes (Cockayne,1972)

d(e R)
dz

(2.61a)Ss* =Q

This is the condition fordislocations to show brightcontrast in a weak-beam image.
This relation simply means that the local orientation variation has to reduce the
excitation error of the g beam to satisfy the Bragg condition. For imperfect crystals and
under the column approximation, the effective local excitation error is given by

sld=s"*d(g;R)
dz

The condition #fr = 0 means that the local region satisfies the Bragg condition,
thus giving strong reflection intensity.

The column approximation was assumed in weak-beam imaging theory. How-
ever the large scattering angle between -h and g reflections shown in Fig. 2.14
could significantly increase the width of the column in some cases (Howie and
Sworn, 1970; Lewis and villagran a, 1979), resulting in incorrect positions of the
dislocation contrast. It is thus necessary to examine each individual case carefully.

As just pointed out, the weak-beam image is formed due to the variation of the
excitation elror !v with the local orientation. The dynamic diffraction effect in the
-h beam is greatly reduced due to strong excitation of the g beam. For crystals
containing grain boundaries, dislocations at interfacial regions are best seen in the
weak-beam image; Fig.2.l6 shows such an example. The grain boundary is hardly
seen in the brighrfield image (Fig. 2.16a); ir becomes relatively easy ro see the
interfacial dislocations in the dark-field diffraction contrasr image (Fig. 2.16b). The
fine details of dislocation are clearly seen in the weak-beam image (Fig. 2.l6c), but
the quantitative interpretation of the contrast is rather difficult.

weak-beam imaging is best suited for imaging dislocations, but it is almost
impossible to apply it to determine the nature of dislocations. The two-beam
diffraction contrast images are very useful for determining the Burgers vector of
dislocations.

I

Using Eq. (2.55), we perform the following mathernatical operation (Cockayne,

1912):

azftaaglexp[Rl(z)]

d

=J
0

dz \ ao 121 ry expl2ni Lv iv- ni'(z)l

d

J
0

(2.s7)

t+j

Integratingtheleft -hand sideofthisequation,weobtain

au)(A=exp[Rri(d1] x

d

I
0

arZ
,+j

p<rloY') expl2niLv;12- p,(z)l+ atr)10;; 
(2'58)

The purpose of the preceding mathematical operation is to exclude the contribution
of the terms with i =J. The first-order solution of Eq. (2.58) is obtained by taking
d(') - Ct)* on the right-hand side; thus

aa(A = exp[Rjj(d;] x

t*i orryexpr2iniLvyT,- piilz))+ cP.) Q'e)

t+i 0

If dRiik)/dz is a slow-variation function of z, the magnitude of &lg1 depends
approximately on

d

J
0

dz expf2ni Lv i1z - N] (a)1.
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Figure2.16. (a)Brighrfreld,(b)g=(2020)dark-field,and(c)weak-beamimagesofapolycrystalline
a-AlzOt specimen showing the advantages of the weak-beam technique for imaging interface disloca-
tions. The beam used to form the weak-beam image is indicated by an arrowhead.

Dynamic Elastic Electron Scattering I

2.12. Absorption Effect in Dynamicat Catculations

Interaction between the incident electron and the crystal is quite complex.
Besides elastic scattering, inelastic excitations, such as X-ray emission, photon
emission, and atom ionization, are usually involved. For thin crystals, the prob-
ability of inelastic scattering is usually smail. As shown in chapter 6, inelastic
scattering of electrons is equivalent to introducing an imaginary potential into the
elastic-scattering equation. This is usually known as the absorption effect. In the
Bloch wave picture, taking the two-beam case as an example, one Bloch wave is a
maximum between the columns of the atomic row, and the other Bloch wave is a
maximum on the atomic rows (see Fig.2.q.It is thus expected that the former is
weakly scattered or absorbed and the latter will be strongly scattered or absorbed
due to different inelastic-scattering processes. This is the so-called anomalous
absorption effect. we can include absorption by replacing v(r) with v(r) + i v(r).
In general, lv(r)l >> lv'(r)|, so we can use the first-order perturbation method to
estimate the effect of absorption. The perturbation iv' results in a change AE in the
energy of the Bloch wave B; given by

66=!a, Bi(r)t-iev(r)lB{r1 Q.6tb)

The change in energy is equivalent to a change in K. Adding an iUi-nterm in Eq.
(2.13), we have

2KS sC 8 + \U *nCn = 2K"v C, - i 2 U i_o Co

g*h g*h

This is equivalent to adding an imaginary component in the wave vector along the
z direction. Thus the perturbation effect to the electron wave vector is

aK = lri =-ffi=ffi! 
^tf <gterz(r)lB;(r)

using the Bloch wave expression inEq. (2.17),the final calculation gives (Hum-
phreys, 1979)

(2.62)

Hence vi is the imaginary part of the wave vector for the fth Bloch wave, and it can
easily be calculated from the eigenvectors and the (J' matrix. The following
substitutions are thus made:

vi+vi*ivi (2.63a)

59
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U, -> Ur+ iU!

lli
9f 98 98

with (i = K/U;. This is the phenomenological treatment of the absorption effect
in electron diffraction. The calculation of the imaginary potential is illustrated in
Chapter 6.

2.13. SUMMARY

As a summary of this chapter, we have introduced the Bloch wave theories and

their applications in electron diffraction and imaging. The Bethe theory is powerful
particularly because of its physical insight for evaluation of the contribution of
different Bloch waves. This theory is much more convenient for sophisticated
analytical expressions when there are only a few beams involved. The Bethe theory
is best suited for CBED calculations in reciprocal space ifthere are no disk overlaps,
but the calculations can be easily perlormed only for three-dimensional perfect
crystals. Real-space Bloch wave theory is convenient for simulations of diffraction
contrast images and CBED if there are disk overlaps. A detailed comparison of the
Bethe theory with other theories, presented in the next few chapters, is given in
Section 4.5.

Dynamic Elastic Electron Scattering tt:
lWultislice Theory

For simulations of electron images, the Broch wave approach is more convenient
for dealing with these cases in which either the crystal contains no defects or the
image resolution is so low that the column approximation holds. when the image
resolution approaches the atomic level, the dominant contrast mechanism is phase
contrast, and the effect of diffraction contrast is minimized. In this case, it is more
convenient to apply the multislice theory, particulady when defects are present in
the crystal. The most important advantage of the multislice theory is that it does
not require three-dimensional periodicity of the crystal; thus images of interfaces,
surfaces, and dislocations can be simulated. chapter 3 outlines the theoretical
scheme of the multislice theory and its applications. Methods to improve the theory
are illustrated to include HoLzreflections accurately.

3.1. PHYSICAL OPTICS APPROACH
The multislice many-beam dynamic electron diffraction theory of Cowley and

Moodie (1957) was originally derived from the physicar optics apiroach, in which
electron transrnission through a crystal is represented ly transmission through a set
o_f two-dimensional phase objects, as shown in Fig. 3. l. The crystal is cut into many
slices ofequal thickness & in the direction perpendicular or nearly perpendicular
to the incident beam. This treatment is usually convenient if incident electrons are
along one of the low-index zone axes. when slice thickness tends to be very small,
the scattering ofeach slice can be based on the projected potential approximation.
If the backscattering effect is negligible, the transmission of the electron wave
through each slice can be considered a two-step process-the phase modulation of
the wave by the projected atomic potential within the slice and the propagation of
the modulated wave in a vacuum for distance Az along the beam aireciion before
striking the next crystal slice (Fig. 3.1). The projected potential approximation was

(2.63b)

(2.63c) 3
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